Lecture 4&5: LCR circuit

Charging of capacitor through inductor and resistor

Let us consider a capacitor of capacitance C is connected to a DC source of e.m.f. E through a resister of
resistance R,, an inductor of inductance L and a Rey K_ in series. When the key K is switched on, the
charging process of capacitor starts instantaneous current. The charge on capacitor increases with time
and attains its maximum in certain duration of time. As the time passes, the charge on capacitor increases
and gets its maximum. The nature of charge increase depends on the value of inductor and resistor. The
nature of charge increase can be analyzed in the following ways.

R L
According to KVL, the algebraic sum T ANAAS +I I_ *+ nren=
of instantaneous voltage a‘rrop across the circuit p— g — Vig %
elements for a closed loop is zero.
Thus E—-V; -V, -V3=0 I | ;
+|'— K
E=V1+V2 +V3 (1) E
Fig.1
If the current in circuit at time t is i and 24 g

charge stored on capacitor is q then the potential drop Y +2k ot + o’ (9-90)=0

across resistor, capacitor and inductor will be R, q/C
Let, X=0—0q then

and L% respectively.

d2x dx 2
‘Usmgeq(]) dt—2+2ka+(0 x=0 (4)
E-Ri+J4 Lﬂ The eq.(4) is differential equation for growth
C dt charge across the plates of capacitor in LCR,
Rdy q d%q E circuit. Consider the solution of eq.(4) is:
——t—t—=—
Ldt LC g2 L x=Ae™ (5)
d2q Rdq 1 E Differentiating eq.(5) w.r.t. time t we have:
et~ ) o o
dt2 Ldt LC L E=O€Ae = axX
Since dimension of 1/L.C is T and dimension of L/R is »
T. Thus we can consider that: d_2X —alAe™ — o 2%x
> 1 1 R dt
o°=——and 2k===— 2
LC T L

. dx dox .
Here o is angular frequency of oscillation. And T is time Putting value Ofa amfdt—z in eq.(4) we get,

constant. The constant R is called as damping constant.
R Py (12X+2kOLX+(02X=O

Now eq.(2) becomes as; ) )

q2 q E a“+2ko+0°=0 (6)
= d—§+ 2kd—?+m2q =T Eq. (6) provides that,

t
2 — 2k £+/4k? - 4? 2 2
d-q dg E o= =—k+Vvk -o
—+2k—+o0°|qg-—|=0 (3) 2
dt? dt w’L
E  LCE Thus constant o. has two values, say they
Since, —— = - CE =qq, thuseq.(3) becomesas,  areo.; and o, then.
oL
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Lecture 4&5: LCR circuit

0L1=—k+\/k2—0)2

and o.p =K — k? — 02

Since o has two values thus solution of eq.(4)
can be written as linear combination of et
and e®'.

x=Ag et 4 A, %t

q—do = A e™’ + Ay et

q=do +Ae™! + Ay et (7)
Differentiating eq.(7) w.r.to time t we get:

| :3—? =Aage®t LA a,e®t  (8)
The constants A and A, can be determined
by applying initial condition.

The initial conditions are:

At t=0, ¢=0 and’ | :g—?:O

Under these conditions the eqs.(7) and (8)
provides that,

0=gp+A+A
A+ Ay =—0 )
And

O=A10L:|_+A20LZ

Al(—k+m)+A2(—k— kz—mzjzo

—k(A + A ) +VkZ =0 (Ap=Ag)=0

kdg +Vk? —w? (A —Ay)=0

()= (10)
Vke -

Solving eqs. (9) and (10), we have:

Al —q_o[l_f_LJ
2 k2—0)2

Putting values A, Ay, 0.1 and a2 in eq.(7), we have:
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K
a=60- | Lo
k-

e(—k+M}

_Yo 1_—k e(_k_"kz_“)z}

2 K2 _ 2

(11)
The eq.(11) is the general expression for
growth of charge across the plates of capacitor
in LCR circuit. This equation can be analyzed
in the terms of following three cases.

Casel: Heavily damped or dead beat or over
damped condition:

The condition, in which the damping
term is greater than the oscillatory term, is
called as over damped condition.

2
1e. k2>c020r i >i0rR>2 L
2L LC \C

In this condition, Vk® — o = positive <k

Hence, —k £Vk? — 0 =negative
Therefore the second and third RHS
terms of eq.(11) decay exponentially and

becomes equal to zero at t=00. As a result q
approaches to qo. ie. In the dead beat
condition, the charge on capacitor increases

with time and after t=00 it gains its maximum
value (Fig.2).

Case2: Critically damped condition:

The condition, in which the damping term

is approximately equal to the oscillatory
term, is called as critically damped condition.

2
e k2 ~o2or [ R] ~ L or Rzz\/E
2L LC C

In this condition, Vk® — 0® = positive =h

Hence, —ki\/kz—m2 =-k+h

So, The eq.(7) becomes as,
4= + Ay e
q=(o+ e K {Al eMt + Ay e Mt }

+ A el=k-ht
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Lecture 4&5: LCR circuit

q=0g+e (A (1+ht)+ Ay(1-ht)}
a=dg+e (A + Ag)+ (A - Ap )t}

{(
q=qop+e" { do——F7—= ht}
k —0)

9= +e"‘t{—Qo—k%ht}

q=do—GofL+ktle ™ (12)
The second term of eq.(12) show the fast
decay of charge and becomes equal to zero
in a small time. As a result, the charge on
Capacitor increases rapidly with time and
it gains its maximum value in very soon
time (Fig.2).

Case3: Lightly damped condition:

The condition, in which the damping term
is less than the oscillatory term, is called
as lightly damped or damped harmonic

condition.

2
ie. k% <wZor i <ior R<2‘/L
2L LC C

Thus, \/k2 —®? =\/—(032 —kz) = JB

Hence, —ktVk?—w?=—k+ B

So, The eq.(11) becomes as,
_— _Q_O( ] RE

2

( J o (k=P
0= o - oe kt{l(lJr jjﬁt
2
1( _Lje JBt}
2 ip

Do not publish it. Copy righted material.

0 0 2

——
p 2]

q=0o —goe {cos Bt +%sin Bt} (13)

Leth—tanq)_ sin ¢

B CoS ¢
Then cos<|):L=E
Hence eq.(13) becomes as,

—kt sin ¢
= —(pe t n Bt
d=9do—Yo {COSB +—" Cos b sinf3 }

doe

cos ¢

q=0dg - {cos Bt cos ¢+ sin Bt sin ¢}

—kt
q= qo—q Be cos (Bt - ¢)

q=do _qucos (Bt-¢) e X| (14)

The second term of eq.(14) show exponential
harmonic decay. Thus the charge on capacitor
increases with time and it oscillates about qo
whose amplitude decreases exponentially.

After t=o0 it saturates to its maximum value

(Fig.2).

qo —

Casel : k>’
Case 2 ‘Jae?

~ Cuse3: B<w?

f

Tig.2
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Lecture 4: LCR circuit

Discharging of capacitor through inductor and resistor

Let us consider a charged capacitor of capacitance C is connected to a resister of resistance R, an inductor
of inductance L and a Rey K in series. When the key K is switched on, the discharging process of
capacitor starts through inductor and resistor. The charge on capacitor decreases with time due to loss of
energy through resistor. The nature of charge decrease depends on the value of inductor and resistor

which can be analyzed in the following ways.
According to KVL, the algebraic sum
of instantaneous voltage drop across the circuit
elements for a closed loop is zero.
Thus E _Vl —V2 —V3 =0
E= Vl + V2 + V3
_/ZlSEZO, V1+V2 +V3 =0 (1)
If the current in circuit at time t is 7’

and charge remained on capacitor is q then the
potential drop across resistor, capacitor and

inductor will be Ry, q/C and L% respectively.

Using eq.(1)

Ri+ a1 9 o

C dt
2

Ed_q+i+d_q:0
Ldt LC gt?

2

d’q Rdg 1

+—q=0 2
dt2 L dt o @

Since dimension of 1/LCis T and dimension of
L/Ris T. Thus we can consider that:

0=t and k=R
LC T L

here wis angular frequency of oscillation. And
T is time constant. The constant K is called as
damping constant.
Now eq.(2) becomes as;
2

:>d—§+2kd—q+co2q=0 ()

dt dt
The eq.(3) is differential equation for decay of
charge across the plates of capacitor in LCR,
circuit. Consider the solution of eq.(3)is:

q=Ae” (4)
Differentiating eq.(4) w.r.t. time t we have:
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L

R - —
A= +I I * Anon
VI=RI V=q/C V=L g:
e
K
Fig.1
d_q = oA eOLt = o
dt
d 2q 2 t 2
2 =aAe* = q
dt
dg .d’q
Putting value of ot and 2 in eq.(3) we get,
t

oc2q+2k ocq+0)2q =0
a?+2k a+ o’ =0 ()
Eq. (5) provides that,

2 2
o —2ki\/42k 40’ _ o2
Thus constant . has two values, say they

are OL; and O.; then.
o = —k +Vk? —@?

and oy =-kK- k? — 02
Since o has two values thus solution of eq.(3)
Can be written as linear combination of

e®tand e%!,
q=Aeh A ¢! (6)
Differentiating eq.(6) w.r.to time t we get:

=Z—?= Aage®t+ A aze™t  (7)
The constants A and A, can be determined
by applying initial condition.

The initial conditions are:
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Lecture 4: LCR circuit

At t=0, q=qo and' | :((jj_? =0

Under these conditions the eqs.(6) and (7)
provides that,

do=A+A
M +Ay=0p (8)
And

O=A10L:|_+A2 o)
Al(—k+\/k2—w2)+A2(—k— kz—wz)zo
—k(A+ Ay ) +VkZ —0? (A -Ay)=0

—kgp +VkZ—0? (A —Ay)=0
k
(A=) == 9)
k2 - w?
Solving egs. (8) and (9), we have:

do k
S (VR C . S

q k
M'f@“??‘?}
ke —o

Putting values A1, Ay, 0.1 and o> tn eq.(6), we
have:

q _Q_o{“#} e(—k+x/k2—wz>
2 K2 o2
+q—0(1—k ]e(k“kzmz)
2 K2 _ 2

(10)
The eq.(10) is the general expression for decay of
charge across the plates of capacitor in LCR,
circuit. This equation can be analyzed in the
terms of following three cases.

Casel: Heavily damped or dead beat or over
damped condition:

The condition, in which the damping
term is greater than the oscillatory term, is called
as over damped condition.
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2
ie. k2> wlor i >iorR>2 L
2L LC \'C

In this condition, Vk? — 0® = positive <k
Hence, —k £k — »? =negative

Therefore both the RHS terms of eq.(10)

decay exponentially and tends to zero at t=o0.
Thus, in the dead beat condition, the charge on
capacitor decreases exponentially with time and

after t=00 it tends to zero. (Fig.2)

Case2: Critically damped condition:

The condition, in which the damping term

is approximately equal to the oscillatory
term, is called as critically damped condition.

2

ie. k2 ~ w2or (ij ~ or Rzz\/I

2L LC C

In this condition, Vk? —»? = positive =h
Hence, —k +Vk% —02 =—k+h

So, The eq.(6) becomes as,
g= A eCRHIE L A (k=)
qe {Al e 1 A e—ht}
e KA (1+ht)+ Ay(1- ht))
q=e"K{(A + Ay)+(A — Ayt

{(
{qO + ht}
k — @2
kg
_e kt{ hO ht}
qz%a+mk*t (11)

The eq.(11) show that the charge on capacitor
decreases very fast with time due to term

te ™ and it tends to zero in very soon time

(Fig.2).

Case3: Lightly damped condition:

The condition, in which the damping term is less
than the oscillatory term, is called as lightly
damped or damped harmonic condition.
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Lecture 4: LCR circuit

2
ie. k2 <w2or i <ior R<?2 L
2L LC \'C

Thus, \/kz—co2 Z\/—((Dz—kz) = Jjp

Hence, —k+vk?—0? =—k+ B

So, The eq.(11) becomes as,

q=Q_0[1+_Lje(—k+jB)t
2 B
+q_0(1__£]e(—k—jﬁ)t
2 B
q=0ge k{l(u je”“
2 iB
+£(1—_Lje_”3t}
2 B

q=qoe {—ejm re I

2
Kk elIBt _ oIt
p 2]
q= qoe_kt{cos Bt +%sin Bt } (12)
Let E:tanq):sin—d)
B coS ¢
Then cosq):L:E

/k2 +BZ ()

Hence eq.(12) becomes as,
q= qoe_kt {cos Bt + sin® sin Bt}
CoS ¢

—kt
Qo€

q= c0so {cosBt cos ¢ +sin Bt sin o}

q= qB cos (Bt - <1>)e_kt (13)

The eq.(13) shows that the There is exponential
harmonic decay of charge on capacitor with time.
ie. Charge on capacitor oscillates about g=0
whose amplitude decays exponentially. After

t=00 it tends to zero (Fig.2). Thus, there occurs a
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damped  harmonic oscillation of charge on
capacitor in case of light damping.
q0

Case3: H<o?
Case 2 :Haa?

_» Casel :F>w?

Fig.2

NoteA: The quality factor for LOR circuit under

lightly damped condition is 7= wLIR.
NoteB: If fis the frequency of oscillation of
charge under lightly damped condition then,

Since B:\/(oz _k?

2
2nf = 1 R
Lc \2L

fo Ll R
2n | LC 42
Que: A capacitor of 2uf, an inductor of 0.8mH

and a resistor of 20£2 are connected in series. Is
the circuit is oscillatory? If yes, then calculate

its frequency.
Ans: Given that, C=2uf, £L=0.8mH, R=20 (2
0.8x107°

—=2 4x10°% =40 Q2
2x10™

SinceR < 2\/% thus the circuit is oscillatory.

f_i l (20)
0.8x1073x2x10" 6 4% (0. 8><10_3)

1 10t 101 105 0° 1732
16 64 \/4 2><3 14"

_ 1.732><105

50.24
f =3.45kHz

—0.0345x10° Hz = 3.45x10° Hz
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