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Electrostatic Potential and potential difference: It is work done to bring a unit charge from infinite
in an electric field. It is denoted by ¢ and is measured in Joule/coulomb.
w,,, Fd guE.dl . =
o= Yo [T _ ol _ i w
90 » 40 w 490 ©
Let o, and ¢, are the electrostatic potential at points A and B which are at distance r and r, respectively

form the source of field. Then from equation (1), we can write,

o = jqu.z[f anc[q)z:—jz@.Jf

0

Hence, 0=y = —fé.d + f@.f[ = {jé.df —T@.[} = —ﬁ@.ff +f@.df1 = —T@.ff

n

02— =-|E.d 2)

Thus line integral of electric field over any path between two points gives the potential difference
between them. The equation (2) can also be written as,

Ty ~ 2
[(G0.d )=~ &.a7
] n
.
This shows that if the electric field is irrotational and conservative field. ie. VxE=0 or

§E-dl =0 = [E-dl is path independent then it can be written as negative gradient of of a scalar
function which is termed as electrostatic potential.

Alternate method to prove £ =-V¢

Let ¢ and ¢+dp are the electric potential at two close points having co-ordinates (X,y,z) and (x+dx,
y+dy, z+dz) respectively. The small distance between two points can be written as,
al =dii+dy j+dzk

Since ¢ is function of position co-ordinates thus change in ¢ corresponding to small displacement i can
be written as,

9 2 )
=—dx+—dy+—d:
= o T oy Do

dﬂ):(ﬁz +@}'+@é}<ﬁ(§+dy}+dzé)

Oox Oy~ 0z
0~ 0~ 02 - ~ ~
dfl):(al+@ +E/ij¢.(tfxz+c{y]+c[z&)
=V ¢.dl 2)

Since line integral of electric field over a small distance provides potential difference between two
points thus,

dh=—E. d (3)
Comparing equation (2) and (3) we have,
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Electrostatic Potential due to different electrostatic system:
(1) Due to Point charge: The electric field due to point charge q at distance r is given by
following formula.

Fo_ 1 4

Thus o tgc- gl g1 17 14
o Ane 3 4me ) r2 dng|r oo | 4dner
L1a
4ne r

(2) Due to distribution of Point charge: Suppose qi, ¢z 5 ..... charges are distributed in
medium having e permitivity . These charges at distances 1y, 1, 13, .... from point a point
®. If the potential at this point is ¢ then it will be scalar sum of all potentials of
individual charges.

0=+ ¢p+ 03+

_ta, 1o, 1
dnerp 4dmer, 4dnern

¢:izﬂ

Ae T 1,

1

(3) Due to uniform charge distribution: Suppose dq charges are uniformly distributed over a
region. If ¢ is potential at distance r from this charge distribution then,

_ 1 .4
¢_4ngjr
Adl

r

For line charge distribution, ¢ = % |
TE
ods

r

For surface charge distribution, ¢ = %j
e

For volume charge distribution, ¢ = % | L
TE r

Electrostatic Potential due to uniformly charge spherical shell :

Suppose q charge is uniformly distributed over a spherical shell of radius of R, If o is the surface
charge density of distribution then q=4n®?c . The electric field at external and internal point due to
this charge distribution is given by following expressions.

- 1 g-. -
E :%Y—ZT am{fmt =0

The electrostatic potential due to this electrostatic system at external, surface and internal point can be
obtained in following manner.
(1) At external point: The electric potential can be found by line integral of electric field over range

tor(>R). ie.

¢:—]q§.d? ¢:—]—%?.ﬁ:—ij%:—i[—i} _1ls

_1lg_o®r®

Aner € r
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(1) At surface point: The electric potential can be found by line integral of electric field over range -

to R, ie.
R —
o=—[E.dr
1 og. g Ydr q 17t 1 q
e 3 e B [
Lane r Ane v dne| r], 4neR
1 _ok
4me R, €
(2) At internal point: The electric potential can be found by line integral of electric field over range «
tor(<R) ie.

4ne ¢ r dne R,
o _ 1 g _o®
4ne R, €

Electrostatic Potential due to uniformly charge sphere :
Suppose q charge is uniformly distributed over a sphere of radius of R, If p is the volume charge

density of distribution then 4 :4—§R3p. The electric field at external and internal point due to this

charge distribution is given by following expressions.
g =iiz? and :iq_ra;
4re ¢ 4ne
The electrostatic potential due to this electrostatic system at external, surface and internal point can be
obtained in following manner.

(2) At external point: The electric potential can be found by line integral of electric field over range -

tor (>R). ie.
o=-|E.d7
_ (Lt a4 g 17 _ 124
o Ane 2 4me 4 dne| r], 4ner
_lg_p&?
dner 3e r

(3) At surface point: The electric potential can be found by line integral of electric field over range =

to R, te.
q{—.
o=—[E.dr
1 q. R dr 17 1
SRSV TR
LAne r Ane v dne| r], A4neR
¢:ii:pf1{2
4ne R 3
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(4) At internal point: The electric potential can be found by line integral of electric field over range «
tor(<R) ie.

r (R_’ T
o=—[E. ={j£w.d?+j£,m d?}
© 0 R
® r R r 2 _p2
¢:_{IL%M”L4_@; :l__i{jig+i3j”{r}:_i{_i+ P-® }
Lane r 2 dne| ,r° R ¢ dne| R 2R
¢:L 1 P22 g 2022+ g2 g 3R2 -2
4re| R 29{3 47e 29{3 4re 29{3

Electrostatic potential energy: The work, done to constitute an electrostatic system by bringing the

charges from infinity is called as electrostatic potential energy.

u=Y (W, ), =W, +Wy+Ws+

i

where W,_,, =-[F.dF and w,, Wy W, --are the work, done to bring first, second, third, ....charges

respectively.

(1) Electrostatic system of single point charge: If a single point charge is brought from - to some
point then no work_is done due to absence of no field and no force acts on it. i.e.
u=w=0
(2) Electrostatic system of two point charge: Suppose two point charges q; and q: are brought from -
one by one to constitute a electrostatic system (y( two charges separated by distance .

_ _ 9192A __TN92 ‘[T 192 1] _ 1 q9
R e U P s e e e

S

Ane

(3) Electrostatic system of three point charge in shape of triangle: Suppose three point charges qi , gz
and qs are brought from « one by one to constitute a electrostatic system of three charges in shape
of triangle. The distance between q; and q.is r; while distance between q; and g3 is 1> and between
g3 and q1is 13,

U=y +Wy+Wy =0+ — 1 D92 i i‘11‘13+i‘12‘13
4ne n dne r;  4ne 1,

u=

1 D92 1 L 9293 " i 9391
dne n 41t8 r, 4ne r
(4) Electrostatic system of n point charges: Suppose ‘n’ numbers of point charges are brought from -

one by one and constitutes an electrostatic system. If The distance between charges q; and q;is 1
then electrostatic potentia[ energy can be written as,

i gs(Lal L5,

2,5 1471',8 ry o 245l dne 2,7

u=—
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If the charges are uniformly distributed then summation sign is changed to integration

sign. Hence equation of u becomes as,

1
U—EM‘{‘]

For line charge distribution, u = %j oAdl
For surface charge distribution, u = %jq)cnfs

For volume charge distribution, u = % [dpd

Electrostatic energy density:

The energy required to constitute an electrostatic system is called as electrostatic potential energy.
This energy is stored in the electrostatic system. The electrostatic energy per unit volume is termed as

electrostatic energy density.
du
U=—
d

1)

The electrostatic energy of uniform volume charge distribution is given by following formula.

u= % [dpdt
According to Gauss law in differential form, we can write

VE=FL = p=eoV.E
€0

Substituting value of p from equation (3) to equation (2), we have
P L
u= 7°j¢(v.qz) pis
For vector identity, we can write that,
V.(OE)=¢(V.E)+E.(Vo)
V.(OE)=¢(V.E)-E.E (as E=-V)
O(V.E)=V.(OF)+ E
From equations (4) and (5) we have

w0 [0 0B s = Leof V(01 Lo

u:%soj¢@.d§+%sojfzaﬁ:

In the integrand of surface integral, first factor ¢« 1 second factor € o
r

@)

(3)

4

()

(6)

L and third factor o r?,

2
r

thus integrand varies as 1/r . So, if we integrate equation (6) over infinite volume, the first integral

contributes nothing to energy and hence, energy of system becomes as,

1 2
=—¢gy|E

Equation (7) can also be written as,

jdu:j[lsofzjﬁ = fu=tegr s =
2 2
From equation (1) and (8), we obtained that,
u :ESOEZ
2
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Electrostatic energy of uniformly charged spherical shell:

Suppose a charge q is uniformly distributed over a spherical shell of radius R, The surface charge
density is c=q/4n®?. The electrostatic energy of this charged spherical shell can be evaluated with
following two methods.

Method 1: Method 2:
1R 0 R, o0
u=>[ods w= oo B di= S| [ b+ [E
0 2 7 2 0 x
1% 1 q q P
= s R. el
2{(47:30 Rj[mtfz(zjs u:lgo Jode+]| 1 L <4Tcr2¢{r)
2 7|5 x\4neg 1
YO A
T ney, v 7|4 1 2 25l 1 1
neg R N\ 4nR° )y u="sc0+_1 j rl_= 9 =
2 0 47[8080 1’2 2 47'[8080 R
u=E 1 4 9 471:?{2
2\ 4ney R )\ 4n 2 1 42
u= 1
. 1 ﬁ 8neg R
8ney R,

Electrostatic energy of uniformly charged sphete:

Suppose a charge q is uniformly distributed over a sphere of radius R, The volume charge density
is p=ql(4nl3)R>. The electrostatic energy of this charged spherical shell can be evaluated with
following two methods.

Method 1: Method 2:
1‘R
u=§J¢Plﬁ' =—soj£ cﬁzés{jf Jr+j£ zﬁ:}
0
1 R( g (3R?-r? J 3 i 2 2
u=— 41'[1’ Lf 1 R(O1 q ® 1 q
2 'c[ dnegy 2R3 4nR 3 U= g {(47180 EJ <4nrzz[r)+ q{( g r_zJ (4nr2c[r)]

1y e e ‘
2 4mg, 4nq(3 2R3 % _

2 2
1 1 ¢ 'y q < dr
_1 q° 2.2 u=—_gq [ —J (4n)-|.r Jr+(— (411)_[—
=5 4o 29{6 f (ST\ ro—r }fr 2 I 4neg R 3 0 4ng, R
2 3 5 i 2 5 2
:E q 3 ZR__R_ u:lgo [ 1 %J (4E)R_+£LJ (475 Ml
2 4ng, 2@6 3 5 2 Ay R 5 4re, R
14 3 &®° 1 1q21+1q2
== 1
 24mey 2@% 5 2|\ 4ney R 4ney R,
:%29_ L1 42)6 1 34°
Mo ° R 2\ 4ngy R |5 4meg S R,
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Electric dipole: A system of equal and opposite charges separated by small distance is called as ‘electric
dipole’. The product of the magnitude of any one charge and the distance between the charges is termed as
‘electric dipole moment’. It is a vector quantity, whose direction is along the axis of dipole pointing from
negative to positive charge. It is denoted by p .

The dipole moment of any electrostatic system of ‘n’ number of charges is equal to vector sum of product
of each charges and their position vector. If qi, q2, ¢, ...... having position vectors 11, 12, 13, ........
constitute an electrostatic system then its dipole moment can be written as,

P=qli+ gt eyt = 24,7, q
Suppose +q and —q charges have the position vectors 1+ and d

r. . These charges are separated by small distance d. The
electric dipole moment of this system can be written as,

p=(+q)7 +(=q) =q(r. -7 )=qd
Here d is vector joining the negative to positive charge.
Electrostatic potential and electric field due electric dipole:
Method 1:Suppose a charges —q and +q are placed at points A and B which are separated by a small

distance ‘d’. P is point which is situated at distance v’ from the centre of dipole and at inclination ‘G’
with dipole axis. Let ¢, and ¢, are the potentials at point P due to point charges —q and +q charges
respectively. Then the total potential at point P can be written as scalar sum of them. i.e.

b=09,+9,
1 (=g) 1 (#9)
dne, P4 4ne, PB
_ 9 _i+i}
dne,| P41 PB
b Lo L]
Ane, | PB  PA
g [ 1 1
= — N 1
¢ 4me, | PB' (Pﬂ’} @)

From figure,

, d
®1=®A4 =r+5cose

, d
PB=PB =r —Ecose
Thus from equation (1), we can write,
r +£COSB—r +£COSG
q 1 1 2 2

q
(I) = — = >
4reg [r 4 cosej (r + 4 cosej 4me, 2 L cos? 0
2 2 4
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d coso
b= 4738 42 ?
0 (1’2 _TCOSZ OJ

As the dipole is short, so r* >>d* hence second term in the denominator can be neglected in

comparison with r* . Thus equation (2) becomes as,

1 | qd cosO
o= >
4dne, r
1 pcos6
- 3
dne, r 2 ( )
Equation (2) is expression of electrostatic potential due to electric dipole.
at axial point,© = 0, hence, ¢ = 1 %
Ane, r

at transverse point, 0 = 90, hence, ¢ =0

and if ©=180, fience, §=———— L

Ang, r
Thus potential is maximum along the line joining the charges. At one side it is positive and on
other side, it is negative

Method 2:Suppose a charges —q and +q are placed at points A and B which are separated by a small
distance ‘d". The position vector of charge +q w.r.t. charge —q is 4 . @ is point whose position vector

w.r.t. charge —q is 7 . Thus the position vector of P w.r.t. charge +q will be 7 —d . Let ¢, and ¢, are the
potentials at point P due to point charges —q and +q charges respectively. Then

¢:¢1+¢2 P
1 (), 1 (+9)

4re, [f|  4me, ‘f A Lf‘

q 1 1 (1) _;

1 1
B o

— =~

!

r—d
1 vz 1 £ 7d e
= ={r2+4[2—27.¢f}7 :—{1+—2— rz' }
r—d r r r
As the dipole is short, r* >> d'* . Hence, £ | r* can be neglected.
L y-1/2 -
iy 2r2.¢{ 1 1+% 2)
‘7_([‘ r r r r
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From equations (1) and (2), we can write,

Ane, | v 7 r|

b= Ane, 13 - 4ne, 13
1 pr 1 0
- LA re 3)
4ney r dney r

here ¢ is angle between vectors p and 7 .
Electric field due electric dipole:
Method 1:Suppose a charges —q and +q are placed at points A and B which are separated by a small
distance ‘d". The position vector of charge +q w.r.t. charge —q is 4 . @ is point whose position vector
w.r.t. charge —q is 7 . Thus the position vector of @ w.r.t. charge +q will be 7 —~d . Let & and , are the
potentials at point P due to point charges —q and +q charges respectively. Then

E=E,+E, P
FoLoabr), 1 q(f—jg)
47580 |17| 4T580 ‘17—6{‘
E=—1 —is+ ?_a: —d
4Ane, ;| ‘7_2
- q F—d r
E = - 1
4, ‘;_5‘3 7’ @
1 ) 1

Now,

=32
1 {(;_;).(f_;)}-m={rz+c[z_2;;}-3'2=i{1+f_2_ﬁ}

N 3 22
P-4

As the dipole is short, r* >> d'* . Hence, | r* can be neglected.

~y-3/2 - -

1 1 rd 1 IFd 1 347
‘ -3 2_3{1_ 2 } 2_3{1+ 2 }z_s{lJr 2 } (2)
7_‘{‘ r r r r r r

From equations (1) and (2), we can write,

. g |1, 347 =\ 7 g ||1 37| =\ 7
4ne, Ls{ r? }(r ) rs} 4Ane, Hf3 re ( ) re
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i 4 %+3(¢{5r)5_£3_3¢{51’2_%
Ameg | 1 7 7 T 7

gt [y & 3iz; g
Aney | v 7 T

In the equation (3), third term is too much small in comparison with other two term, thus can be

neglected. Hence equation (3) becomes as,

o 4 |3drf 4| 1 |3ledif o |_ 1 [3G7F 5
Ame, | r® 3| 4ne, r® 3| dmey| r° r®

.1 [3Fp)7F P

E = -£ 4
dne, | r° r’ @

Equation (4) is expression of electric field due to an electric dipole.

Method 2: Suppose a charges —q and +q are placed at points A and B which are separated by a small
distance ‘d’. The position vector of charge +q w.r.t. charge —q is 4 . @ is point whose position vector
w.r.t. charge —q is 7 . Thus the position vector of P w.r.t. charge +q will be 7 —d . If ¢ is the potential at

point P due to the electric dipole then it can be given by following expression.

1 p7
= £ 1
¢ 4re, re ()
The electric field and potential can be co-related as,
£=-V 2)

From equations (1) and (2), we can write.

Fo__1 6(?_;,7}:_ 1 {(p;)@[%}}y(ﬁ)} 6)

r

Since V(p7)=p and 6(%) = —3:—5, thus putting values in equation (3) we have,

4Ane, r r
.1 [3(Fp)7F p}
E= - 4
47580[ r 73 ©

Equation (4) is expression of electric field due to an electric dipole.

Polar component of electric field and total elelctric field due to electric dipole:
Method 1: The electric field due electric dipole is given by following expression,
.1 [3(Fp)7 P
E ] @
The radial component of equation (a) can be written as,
1 [3(rpcosd)r pcosd 1 |3pcos® pcosH
L

Er = =
r r Aney | 1 7

2
£, =l )
47TSO r po=p sin0@
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The transverse component of equation (a) can be written as,

1 psind
E, = c
o 47t80 r3 ()

Thus the total electric field due to electric dipole at an arbitrary point P(,0) can be obtained as,

2 T2
E:mz\/( L ZPZOSQJ +[ 1 ps;nej _ 1 %V4c0529+sin29

47[80 r 4TCSO r B 47[80 r
E= ! £\13cosze+l (d)
4 3

The equation (d) is expression of electric field due to an electric dipole.

If0=0° then & = 2—5
4ne,y r
If 6=90" then € = 1 %
Are, r
Method 2:
The electric potential due to an electric dipole at an arbitrary point P(r,6) is given by following
expression,
1 pcos6
= a
¢ dne, 1?2 @
Since the electric field and potential can be co-related as,
E=-V
Thus the radial and transverse component of electric field can be written as,
E, = _% and E, __1%
or r 00
Using equation (a), we find that,
0 1 pcosb pcosd 0 (1 pcosO( 2 1 2pcosH
Er:__ > = — ——2 e —— ——3 = 3 (6)
or\4mey r 4ne, Or \r dre, \ r dne, r
10( 1 pcoso p 0 . 1 psin®
nd Ey=—--— =— —(cos6)=- —-sing)= R c
A " o0 [47:80 r? J Ang,r® ar( ) 4n80r3( ) Angy 1° ©

Thus the total electric field due to electric dipole at an arbitrary point P(1,0) can be obtained as,

2 T2
E:,/Ef+£g=\/[ 1 ZpgoseJ +( 1 ps;n@j _ 1 %\/4c0529+sin26

dne, r dne, r Are, r

E:

1 p 2
“—+3cos"0+1
4ne, r® . @

The equation (d) is expression of electric field due to an electric dipole.

If0=0° then & = 2—§
Ang,y r

[f0=90" then &= —— L

3
dney r
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Electric Quadrupole and Quadrupole moment:

An electric quadrupole is an arrangement which consists of two equal and opposite dipoles separated by
small distance. i.e. it is an arrangement of two parallel dipoles of opposite polarity. Both the dipoles do
not coincide in space such that their electric effects do not cancel out at distant point.

Following are the some quadrupole arrangements.

49 0 +q B}
ol 4 g
(—————{ ————— = |
® ® @ ® o[- _ [
q & 49 4 + LEd :
@ v ®
- d
q +,
+q@ ._q q
@ (i) (i)

The quadrupole moment of a charge distribution is defined as,
Qs = J'LZ)TIZ(BCOSZ 0-1)dv’

If point charges are distributed in space then quadrupole moment of distribution can be written as,
Qs = Z%@cosz 0-1)

Suppose a linear quadrupole is formed by charges +q, -2q and +q ( Ist arrangement) whose position co-
ordinates aree (d,0), (0,0) and (~d, 0) respectively. The quadrupole moment of linear quadrupole at external
point P (which have 6 inclination from axis of quadrupole ) can be obtained as,

Q, = q@ 9@ (30079 -1)+ = 2‘1)(0)2 O (3c0s20-1)+ ‘”‘0 10V (3c052(180-6)-1)

szq‘; (3c0529 l)+0+q2 (3c0526 l)

Q, = qc{2(3C082 6—1)
If external point P have 0 degree inclination from axis of quadrupole then,
Qr =Qo =q4(3cos? 0-1)= g 47 (3-1)= 244~
Therefore, the quadrupole moment of a linear quadrupole at its axial point is twice times product
of single charge and square of distance between two charges in any of dipole.

Electrostatic potential and electric field due electric quadrupole:

Suppose a charges +q, -2q and +q form a linear quadrupole which are placed at points A, O and B
along x-axis. P is point which is situated at distance ‘v’ from the centre of quadrupole while Charges
placed at A and B are distance r; and r; respectively. Let ¢, , b, and ¢ are the potentials at point P due
to point charges +q, -2q and +q respectively. Then the total potential at point P can be written as scalar
sum of them. i.e.

¢:¢1+¢2+¢3
1 (+q), 1 (=29) 1 (49)
471:80 7 47t80 T dne, n

¢=—1 {£++i—g} (1)
dney | n r, T
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From figure we can write,

h=r—d Eo Er
i =F-d)fF-d) 2
2 =r>+d?-2rd cod
n= (r +d*? —2rcfcose)1 "2
T T1

1 (r +c[2—2rcfcose)l/2
1
1 1, &% 24 ) o

(1 — cosﬂJ tq d -2q d 1q
nor T r B o A
1 1 (a7 20 N[
—:—|:l+(—2——cosﬂﬂ )
nor r r

Expanding the right side of equation (2) and neglecting higher order terms under condition r >> d we
have,

1 l{l+d—(3c0529 1)+—C059:| (3)
nor 2r2 r

Similarly, from figure we can write,

7, = F+d

By, =7 +d)fF+d)

r2=r?+d%+2r d cosd

7, =(r2+¢f2 +2r¢f6059)1/2

i=(r2+c{2+2rc[cosﬁ)71/2
r
1 1 4% 24\
(1 —+—cos€j
T, T r r
1_1f, (4?24 e
— |:1+(—2+—CO.SGJ:| (4)
T, T r r

Expanding the right side of equation (4) and neglecting higher order terms under condition r >> 4 we
have,
2
1 =}{1+%(360329—1)—16059} (5)
r

r, r

From equations (1), (3) and (5), we have,

2 2
b= 9 [(1+%(360529—1)+1C069]+(1+%(360529—1)—£6059J—2:|
r

Are,r r r r
c L[—z (3c0526 1)
41t80r r
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3 3

dre, r 4ne, 2r

o= ﬁ(?)cosze—l): 1 &(3c0526—1)=i& (6)

3

dne, r

Equation (6) is expression of potential due to linear quadrupole.

Since, E, :—@ and E, :_1@
or r 00
Thus, €, = 8 1 Qo (350326 1)
or Aney 23

E =-

1’3

v

4ne, 2 or 4dne,

o e =t R340 1)

Ane, 2rt

10[ 1 Qofy s
nd Ey=—--—|——2(3cos’0-1
A 0 r 89{4%80 2r3( o )}

£y =0 0 (3,29 1)
Aneg 2% 00

Eq = ! 3 2 cos9 sind
dne, 2rt

We Rnow that, € =\ E> + E]

Qo (3cos? 9—1)3( 1)2_ Qo (3(:03;9—1)(—_43]

Hence, E= 1 X \/(360529 1) (2 cos® sinﬂ)z
Ane, 2rt
E= 1 R \/560849 2c0s°0+1 (7)
4ne, 2r°
Equation (7)is expression of electric field due to linear quadrupole.
(i) If point P lies on the axis of quadrupole: 6 =0 or 180
1
E o = 1 RpEoa o E o = &40
4TC80 20t dney r

(i) If point P lies on the line perpendicular to the axis of quadrupole: 6 =90

E = L 3Q0\/0 0+1 =

Ane, 2rt

Note: Monople, dipole and quadrupole moments:
The monopole, dipole and quadrupole moment of a
uniform charge distribution can be determined by
following expressions.

Monopole moment= J p(r')dv'
dipole moment= p = _[p(r')?' dv'

12
Quadrupole moment=Q ; = J. %(3%52 0-— 1)41/'

Do not publish it. Copy righted material.

1 R
Ane, 2rt

For non-uniform charge distribution, monopole,
dipole and quadrupole moment can be determined

by,
Monopole moment=> g,

dipole moment=p = q.7.

12
Quadrupole moment=Q ; = Z% (3c032 0-— 1)
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Example: Find monopole, dipole and quadrupole moment of following charge distribution. Also find field
at point P located at (1, 6) poition.

Soluton: For non-uniform charge distribution,
monopole, dipole and quadrupole moment can be
determined by,

Monopole moment=y q, =—q+q—q+q=0

dipole moment=p =" q..

p=(qai+(+9)q+(-q) (ai)+(+q) (-4 a

p=-qai+qajt+qai—qaj=0

12
Quadrupole moment=Q , = Z%(I%cosz 0 —1)
The contribution to quadrupole moment of charge —q at (a,0)
N2 2
= %(30032 0 —1): —%(30032 0 —1)

The contribution to quadrupole moment of charge +q at (0,a)

, = %(3%3%90—6)—1): +%(3sin2 0-1)

The contribution to quadrupole moment of charge —q at (-a,0)
Qs = %(SCOSZ(BO—G)—Q: —%(&052 0-1)

The contribution to quadrupole moment of charge +q at (0, -a)

2 2
Q= ”‘2‘1) (3cos?(90+0)—1)= +%(3sin2 0-1)
Thus net quadrupole moment at pont P can be written as,
Qr =Qu+Q2+Q3+Qy
2 2 2 2
Q= —%(30052 0 —1)+%(3m29 —1)—%(30052 0 —1)+%(35m29 ~1)

Q,=—qa’ (30052 0 —1)+ qa’ (351'1126 —1)
Q, =qa’{-3c0s?0+1+35in?0 -1}
Q,=3qd’ {sinze —cos? 9}
Q,=3qa’ {sinze ~1+dn? 9}
Q,=3qd’ {2 sin®0 —1}
Since monopole and dipole moments are zero while quadrupole moment is non-zero thus potential at point

P will be due to quadrupole,
o= L 3a {25in29—1}

dng, r®

Now radial &, and transverse £, component of electric fields are defined by
E, __%; and €, = _1dbg
or r 00
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2 ~
And Fy =29 2 (520 1B F% 40cad =% g
Ang,r® Or Ane dney r
2 2 ~
Therefore, E=E, +E, = E= 1 gqj (2 sinze—l)?+— 1 6q:z sin20
drey | r Ane, r

E=

r

(39(1 ][3(2 sin?0—1)7 - 25in20 0]

4ne,
Example: Find the component of electric field at a point if potentialis given by ¢=3xy’ —x>+x z.
Solution: The relation in electric field and potentialis € =~V ¢

Thus, €, ——§—¢——i(3xy2 —3(3+3(z)=-3y2 +3x° -z
X

ox
&  8( . s o o ;3
E, =——=-——"Bxy —-x’+xz)=-6 and E =—-—=—-—Bxy ' —x’+xz)=-
P ay(fw x KZ) Xy 2=, az(xy X xz) X
Example: Show that ¢=(A/r)+® satisfies the Laplace equation. Here A and B are constants and r is

magnitude of position vector r .

Solution: Hint, ?=x§+y}'+zéandr: ,/)(2+y2+22

2 2 2 2 2 2
P __ A 3ax* . P6__A 31y % _ A 34

ox? r® o dy? S8 r’ 0z° r® r’
2 2 2 2
So, V= 0° 42> o . 0% _ S_il+3/l(x ty +z ):_3_/31+3ﬂr =0, hence proved.
PRI R r’ e

Note 1: Energy stored in capacitor or condenser can be obtained in following ways.

Work done to charge the capacitor by amount dg=dw = dq =%a"q

q 2
Thus, sz %:—Cff/z as, q=Cv
0

w__1cv’

Energy stored per unit volume=U =
volume 2 volume

For parallel plate capacitor, C = 7ﬂ V=€d and volume=Ad
Hence, :iﬂﬂ = U=Lex?
24 Ad 2

Note 2: Torque acting on electric dipole in an electric field: When an electric dipole is placed in an electric
field, the charges +q and —q experience forces along and opposite to applied field. As a result torque acts
on dipole which tries to rotate to maRe the energy minimum. The expression of torque and its energy in
external electric field are given by following expressions.
i

Note 3: When an electric field dipole is placed in field other electric dipole there is interaction between
them. If electric dipole having dipole moment p, placed in electric field (£, ) of dipole having moment p,
then interaction energy between them can be obtained as.

1 {3(?2 )7 P H R {?1-?2 _3(17)(F, 7) }

4me, r® r® 4neg | r°

”:_?1'£2:'?1'{
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