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Electrostatic Potential and potential difference:  It is work done to bring a unit charge from infinite 
in an electric field. It is denoted by φ and is measured in  Joule/coulomb. 
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Let 1φ and 2φ are the electrostatic potential at points A and B which are at distance 1r and 2r respectively 
form the source of field. Then from equation (1), we can write, 
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Thus line integral of electric field over any path between two points gives the potential difference 
between them.  The equation (2) can also be written as,   
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This shows that if the electric field is irrotational and conservative field. i.e. 0=×∇ E
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0 is path independent then  it can be written as negative gradient of of a scalar 
function which is termed as electrostatic potential.  
 
Alternate method to prove φ∇−=

rr
E  

 Let φ  and φ+φ d  are the electric potential at two close points having co-ordinates (x,y,z) and (x+dx, 
y+dy, z+dz) respectively. The small distance between two points can be written as,  
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Since line integral of electric field over a small distance provides potential difference between two 
points thus,  
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Electrostatic Potential due to different electrostatic system: 
(1) Due to Point charge: The electric field due to point charge q at distance r is given by 

following formula.  
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(2) Due to distribution of Point charge: Suppose q1, q2, q3, ….. charges are distributed in 
medium having ε permitivity . These charges at distances r1, r2, r3, …. from point a point 
P. If the potential at this point is φ  then it will be scalar sum of all potentials of 
individual charges.  
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(3) Due to uniform charge distribution: Suppose dq charges are uniformly distributed over a 
region. If  φ is potential at distance r from this charge distribution then, 
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Electrostatic Potential due to uniformly charge spherical shell : 
Suppose q charge is uniformly distributed over a spherical shell of radius of R. If σ  is the surface 
charge density of distribution then σπ= 24 Rq . The electric field at external and internal point due to 
this charge distribution is given by following expressions.  
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The electrostatic potential due to this electrostatic system at external, surface and internal point can be 
obtained in following manner.  

(1) At external point: The electric potential can be found by line integral of electric field over range ∞   
to r (>R). i.e. 
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(1) At surface point: The electric potential can be found by line integral of electric field over range ∞   
to R. i.e. 
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(2) At internal point: The electric potential can be found by line integral of electric field over range ∞   
to r (<R). i.e. 

  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+−=−=φ ∫∫∫

∞∞

r

R

R

ext

r
rd Erd Erd E
rrrrrr

... int  

∴  
R
q

r
q

r
drq

rd rd r
r
q RRr

R

R

πε
=⎥⎦

⎤
⎢⎣
⎡−

πε
−=

πε
−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

πε
−=φ

∞∞∞
∫∫∫ 4

11
44

0
4
1

22
rr ..ˆ  

ε
σ

=
πε

=φ
R

R
q

4
1  

Electrostatic Potential due to uniformly charge sphere : 
Suppose q charge is uniformly distributed over a sphere of radius of R. If ρ  is the volume charge 
density of distribution then ρ

π
= 3

3
4

Rq . The electric field at external and internal point due to this 

charge distribution is given by following expressions.  
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The electrostatic potential due to this electrostatic system at external, surface and internal point can be 
obtained in following manner.  

(2) At external point: The electric potential can be found by line integral of electric field over range ∞   
to r (>R). i.e. 
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(3) At surface point: The electric potential can be found by line integral of electric field over range ∞   

to R. i.e. 
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(4) At internal point: The electric potential can be found by line integral of electric field over range ∞   
to r (<R). i.e. 
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Electrostatic potential energy: The work done to constitute an electrostatic system by bringing the 
charges from infinity is called as electrostatic potential energy.  
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(1) Electrostatic system of single point charge: If a single point charge is brought from ∞  to some 

point then no work is done due to absence of no field and no force acts on it. i.e. 
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(2) Electrostatic system of two point charge: Suppose two point charges q1 and q2 are brought from ∞  
one by one to constitute a electrostatic system of two charges separated by distance r.  
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(3) Electrostatic system of three point charge in shape of triangle: Suppose three point charges q1 , q2 
and q3 are brought from ∞  one by one to constitute a electrostatic system of three charges in shape 
of triangle. The distance between q1 and q2 is r1 while distance between q2 and q3 is r2 and between 
q3 and q1 is r3. 
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(4) Electrostatic system of n point charges: Suppose ‘n’ numbers of point charges are brought from ∞  
one by one and constitutes an electrostatic system. If The distance between charges qi and qj is rij 

then electrostatic potential energy can be written as, 
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If the charges are uniformly distributed then summation sign is changed to integration 
sign. Hence equation of u becomes as,  
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For line charge distribution, ∫ φλ= dlu
2
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For surface charge distribution, ∫ φσ= dsu
2
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For volume charge distribution, ∫ τφρ= du
2
1  

Electrostatic energy density: 
The energy required to constitute an electrostatic system is called as electrostatic potential energy. 

This energy is stored in the electrostatic system. The electrostatic energy per unit volume is termed as 
electrostatic energy density. 
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The electrostatic energy of uniform volume charge distribution is given by following formula.  

∫ τφρ= du
2
1          (2) 

According to Gauss law in differential form, we can write 

0ε
ρ

=∇ E
rr

.  ⇒  E
rr

.∇ε=ρ 0       (3) 

Substituting value of ρ from equation (3) to equation (2), we have 

  ∫ τ∇φ
ε

= d )E.( u
rr

2
0         (4) 

For vector identity, we can write that, 
  )( . E)E .( )E.( φ∇+∇φ=φ∇

rrrrrr
 

  E . E)E .( )E.(
rrrrrr

−∇φ=φ∇     (as )φ∇−=
rr

E  
2E)E.()E .( +φ∇=∇φ

rrrr
        (5) 

From equations (4) and (5), we have 

  ( ) ∫∫∫ τε+τφ∇ε=τ+φ∇
ε

= d Ed )E.(dE)E.(u 22
00

0

2
1

2
1

2
rrrr

 

  ∫∫ τε+φε= d Esd  . Eu 2
00 2

1
2
1 rr        (6) 

In the integrand of surface integral, first factor 
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thus integrand varies as r/1 . So, if we integrate equation (6) over infinite volume, the first integral 
contributes nothing to energy and hence, energy of system becomes as,  
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From equation (1) and (8), we obtained that, 
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Electrostatic energy of uniformly charged spherical shell: 
Suppose a charge q is uniformly distributed over a spherical shell of radius R. The surface charge 

density is 24 Rq π=σ / .  The electrostatic energy of this charged spherical shell can be evaluated with 
following two methods. 
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Electrostatic energy of uniformly charged sphere: 
Suppose a charge q is uniformly distributed over a sphere of radius R. The volume charge density 

is 334 Rq )//( π=ρ .  The electrostatic energy of this charged spherical shell can be evaluated with 
following two methods. 
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Method 2:  
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Electric dipole: A system of equal and opposite charges separated by small distance is called as ‘electric 
dipole’. The product of the magnitude of any one charge and the distance between the charges is termed as 
‘electric dipole moment’. It is a vector quantity, whose direction is along the axis of dipole pointing from 
negative to positive charge. It is denoted by p

r .  
The dipole moment of any electrostatic system of ‘n’ number of charges is equal to vector sum of product 
of each charges and their position vector. If q1, q2, q3, …… having position vectors r1, r2, r3, …….. 
constitute an electrostatic system then its dipole moment can be written as, 

∑
=

=⋅⋅⋅⋅+++=
n

i
ii321 r qr qr qr qp

1
321

rrrrr  

Suppose +q and –q charges have the position vectors r+ and 
r- . These charges are separated by small distance d. The 
electric dipole moment of this system can be written as, 
  d qrrqrqr qp

rrrrrr =−=−++= −+−+ )()()(  
 Here d

r
is vector joining the negative to positive charge.  

 

 

Electrostatic potential and electric field due electric dipole: 
Method 1:Suppose a charges –q and +q  are placed at points A and B which are separated by a small 
distance ‘d’. P is point which is situated at distance ‘r’ from the centre of dipole and at inclination ‘θ’ 
with dipole axis.  Let 1φ  and 2φ  are the potentials at point P due to point charges –q and +q charges 
respectively. Then the total potential at point P can be written as scalar sum of them. i.e. 
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From figure, 

θ+=′= cos
2
d

rAPPA  

θ−=′= cos
2
d

rBPPB  
 

Thus from equation (1), we can write, 
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As the dipole is short, so 22 dr >>  hence second term in the denominator can be neglected in 
comparison with 2r  . Thus equation (2) becomes as, 

⎥⎦
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⎡ θ

πε
=φ 2
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r
qd cos  

2
04

1
r

p θ
πε

=φ
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Equation (2) is expression of electrostatic potential due to electric dipole. 

2
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1
r
p

    hence,  0, point, axial at
πε

=φ=θ  

09 =φ=θ     hence,  0, point, transverse at  

2
04

118
r
p

    hence,  0,  if and
πε

−=φ=θ  

Thus potential is maximum along the line joining the charges. At one side it is positive and on 
other side, it is negative  
 

Method 2:Suppose a charges –q and +q  are placed at points A and B which are separated by a small 
distance ‘d’. The position vector of charge +q w.r.t. charge –q is d

r
. P is point whose position vector 

w.r.t. charge –q is r
r . Thus the position vector of P w.r.t. charge +q will be dr

rr
− . Let 1φ  and 2φ  are the 

potentials at point P due to point charges –q and +q charges respectively. Then 
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As the dipole is short, 22 dr >>  . Hence, 22 rd / can be neglected. 
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From equations (1) and (2), we can write, 
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 here θ is angle between  vectors  pr  and rr .       
Electric field due electric dipole:  
Method 1:Suppose a charges –q and +q  are placed at points A and B which are separated by a small 
distance ‘d’. The position vector of charge +q w.r.t. charge –q is d

r
. P is point whose position vector 

w.r.t. charge –q is r
r . Thus the position vector of P w.r.t. charge +q will be dr

rr
− . Let 1E

r
 and 2E

r
 are the 

potentials at point P due to point charges –q and +q charges respectively. Then 
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As the dipole is short, 22 dr >>  . Hence, 22 rd / can be neglected. 
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From equations (1) and (2), we can write, 
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In the equation (3), third term is too much small in comparison with other two term, thus can be 
neglected. Hence equation (3) becomes as,  
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Equation (4) is expression of electric field due to an electric dipole. 
 
Method 2: Suppose a charges –q and +q  are placed at points A and B which are separated by a small 
distance ‘d’. The position vector of charge +q w.r.t. charge –q is d

r
. P is point whose position vector 

w.r.t. charge –q is rr . Thus the position vector of P w.r.t. charge +q will be dr
rr

− . If φ is  the potential at 
point P due to the electric dipole then it can be given by following expression. 
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The electric field and potential can be co-related as, 
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From equations (1) and (2), we can write. 
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Since  ( ) pr p rrrr
=∇ .  and 53 31
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Equation (4) is expression of electric field due to an electric dipole. 
 

Polar component of electric field  and total elelctric field due to electric dipole:  
Method 1: The electric field due electric dipole is given by following expression,  
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The radial component of equation (a) can be written as, 
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The transverse component of equation (a) can be written as, 
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Thus the total electric field due to electric dipole at an arbitrary point P(r,θ) can be obtained as,  
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The equation (d) is expression of electric field due to an electric dipole. 

If o0=θ  then 3
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If o90=θ  then 3
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Method 2:  
The electric potential due to an electric dipole at an arbitrary point P(r,θ)  is given by following 
expression,  
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Since the electric field and potential can be co-related as, 
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 Thus the radial and transverse component of electric field can be written as,  
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Thus the total electric field due to electric dipole at an arbitrary point P(r,θ) can be obtained as,  
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The equation (d) is expression of electric field due to an electric dipole. 
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Electric Quadrupole and Quadrupole moment: 
An electric quadrupole is an arrangement which consists of two equal and opposite dipoles separated by 
small distance. i.e. it is an arrangement of two parallel dipoles of opposite polarity. Both the dipoles do 
not coincide in space such that their electric effects do not cancel out at distant point. 
Following are the some quadrupole arrangements. 

 
 The quadrupole moment of a charge distribution is defined as, 

 ( ) vd 
r r

Q d ′−θ
′′ρ

= ∫ 13
2

2
2

cos)(  

If point charges are distributed in space then quadrupole moment of distribution can be written as,  
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rq
Q 13
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Suppose a linear quadrupole is formed by charges +q, -2q and +q  ( Ist arrangement) whose position co-
ordinates aree (d,0), (0,0) and (-d, 0) respectively. The quadrupole moment of linear quadrupole at external 
point P (which have θ inclination from axis of quadrupole ) can be obtained as, 
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If external point P have 0 degree inclination from axis of quadrupole then, 
( ) ( ) 222

d d qd qd qQQ 213103 2
0 =−=−== cos  

Therefore, the quadrupole moment of a linear quadrupole at its axial point is twice times product 
of single charge and square of distance between two charges in any of dipole. 
Electrostatic potential and electric field due electric quadrupole: 

Suppose a charges +q, -2q and +q form a linear quadrupole which are placed at points A, O and B 
along x-axis. P is point which is situated at distance ‘r’ from the centre of quadrupole while Charges 
placed at A and B are distance r1 and r2 respectively.  Let 1φ  , 2φ  and 3φ are the potentials at point P due 
to point charges +q, -2q and +q respectively. Then the total potential at point P can be written as scalar 
sum of them. i.e. 
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From figure we can write, 
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Expanding the right side of equation (2) and neglecting higher order terms under condition r >> d we 
have, 
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Similarly, from figure we can write, 
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Expanding the right side of equation (4) and neglecting higher order terms under condition r >> d we 
have, 
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From equations (1), (3) and (5), we have, 
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⎠

⎞
⎜⎜
⎝

⎛
θ−−θ++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
θ+−θ+

πε
=φ 213

2
113

2
1

4 2

2

2

2

0
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r
d 

cos 
r

d
cos 

r
d 
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r

d
r

q 22  

( )13
4 2

2

0
−θ

πε
=φ 2cos 

r
d

r
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 ( ) ( ) 3
0

3
0

0
3

2

0 4
113

24
113

4
1

r
Q

cos 
r

Q
cos 

r
qd d22

πε
=−θ

πε
=−θ

πε
=φ     (6) 

Equation (6) is expression of potential due to linear quadrupole.  

Since,  
r

Er ∂
φ∂

−= and  
r

E
θ∂
φ∂

−=θ
1  

Thus,  ( )⎥
⎦

⎤
⎢
⎣

⎡
−θ

πε∂
∂

−= 13
24

1
3
0

0

2
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r
Q

r
E  

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛ −−θ
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=⎟

⎠
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⎜
⎝
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∂
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13
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1
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13
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-

rr
cos Q
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2
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4
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4
0

0
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r
Q
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r

Q
r
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⎥
⎦

⎤
⎢
⎣

⎡
−θ

πεθ∂
∂

−=θ 13
24
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3
0
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 ( ) cos 
r

Q
E 2 13

24
1

4
0

0
−θ

θ∂
∂

πε
−=θ  
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r
Q

E θθ
πε

=θ 4
0

0 2
3

4
1  

 

We know that, 22
θ+= EEE r  

Hence,  ( ) ( )22

4
0

0
13

2
3

4
1

θθ+−θ
πε

= sin cos 2cos 
r
Q

E 2  

125
2
3

4
1

4
0

0
+θ−θ

πε
= 24 cos cos

r
Q

E       (7) 

Equation (7) is expression of electric field due to linear quadrupole.  
(i) If point P lies on the axis of quadrupole: 180 or  0=θ   

125
2
3

4
1

4
0

0
+−

πε
=  

r
Q

Emax  ⇒  4
0

0

3
4

1
r
Q

E
πε

=max  
 

(ii) If point P lies on the line perpendicular to the axis of quadrupole: 90=θ   

100
2
3

4
1

4
0

0
+−

πε
=  

r
Q

E  ⇒   4
0

0 2
3

4
1

r
Q

E
πε

=  
 

Note: Monople, dipole and quadrupole moments: 
The monopole, dipole and quadrupole moment of a 
uniform charge distribution can be determined by 
following expressions. 
Monopole moment= ∫ ′′ρ  vd r )(  

dipole moment= ∫ ′′′ρ= vd  r rp
rr )(  

Quadrupole moment= ( ) vd
rr

Q d ′−θ
′′ρ

= ∫ 13
2

2
2

cos)(  

For non-uniform charge distribution, monopole, 
dipole and quadrupole moment can be determined 
by, 
Monopole moment= ∑

i
iq  

dipole moment=  rqp i
i

i
rr ∑=  

Quadrupole moment= ( )∑ −θ
′

=
i

ii
d

rq
Q 13

2
2

2

cos
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Example: Find monopole, dipole and quadrupole moment of following charge distribution. Also find field 
at point P located at (r, θ) poition. 
 

Soluton: For non-uniform charge distribution, 
monopole, dipole and quadrupole moment can be 
determined by, 
Monopole moment= 0=+−+−=∑ qqqqq

i
i  

dipole moment=  rqp i
i

i
rr ∑=  

)j(-a  q)(  )i(-a  (-q) ja q)(i a (-q)p ˆˆˆˆ +++++=r  
0j a  q  i a q j a qi a q -p =−++= ˆˆˆˆr  

Quadrupole moment= ( )∑ −θ
′

=
i

ii
d

rq
Q 13

2
2

2

cos   

The contribution to quadrupole moment of charge –q at (a,0) 

( ) ( )13
2

13
2

22
1 −θ−=−θ

−
= coscos)( 22 a qa q

Q  

The contribution to quadrupole moment of charge +q at (0,a) 

( ) ( )13
2

1903
2

22
2 −θ+=−θ−= sin)(cos

22 a q(-a) q
Q  

The contribution to quadrupole moment of charge –q at (-a,0) 

( ) ( )13
2

11803
2

22
3 −θ−=−θ−

−
= cos)(cos)( 22 a qa) (- q

Q  

The contribution to quadrupole moment of charge +q at (0, -a) 

( ) ( )13
2

1903
2

22
4 −θ+=−θ+= sin)(cos

22 a q(-a) q
Q  

Thus net quadrupole moment at pont P can be written as,  
4321 QQQQQ d +++=  

( ) ( ) ( ) ( )13
2

13
2

13
2

13
2

2222 −θ+−θ−−θ+−θ−= sin 
a qa q

sin 
a qa q

Q
2222

d coscos  

( ) ( )1313 22 −θ+−θ−= sin a qa qQ 22
d cos  

{ }1313 22 −θ++θ−= sin a qQ 2
d cos  

{ }θ−θ= 223 cossina qQ 2
d  

{ }θ+−θ= 22 13 sinsina qQ 2
d  

{ }13 2 −θ= sin 2a qQ 2
d  

Since monopole and dipole moments are zero while quadrupole moment is non-zero thus potential at point 
P will be due to quadrupole, 

 { }13
4

1 2
3

0
−θ

πε
=φ sin 2

r
a q 2

 

Now  radial  rE
r

 and transverse θE
r

   component of electric fields are defined by 

  r
r

Er ˆ
∂
φ∂

−=
r

and θ
θ∂
φ∂

−=θ  ̂
r

E
1r
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And  ( ) θθ
πε

−=θθθ
πε

−=θ−θ
∂
∂

πε
−=θ

ˆˆˆ   sin2
r

a q
   cos sin 

r
a q

 sin 2
rr

a q
 E

222

4
0

4
0

2
4

0

6
4
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4
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4
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Therefore,   θ+= EEE r

rrr
 ⇒  ( ) θθ

πε
−+−θ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
πε
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r

a q
 r sin 2

r
a q

E
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4
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6
4
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( )[ ]θθ−−θ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
πε

= ˆˆ   sin2 2   r sin 2 
r

a q
E

2

133
4

1 2
4

0

r
 

Example: Find the component of electric field at a point if potential is given by z x  xy x  2 +−=φ 33 . 
Solution: The relation in electric field and potential is    E φ∇−=

rr
 

Thus,  ( )  z - x 3 y -3z x  xy x 
xx

E 222
x +=+−

∂
∂

−=
∂

φ∂
−= 33  

( ) y x -6z x  xy x 
yy

E 2
y =+−

∂
∂

−=
∂
φ∂

−= 33   and  ( )  x -z x  xy x 
zz

E 2
z =+−

∂
∂

−=
∂
φ∂

−= 33  

Example: Show that ( ) BrA +=φ /  satisfies the Laplace equation. Here A and B are constants and r is 
magnitude of position vector rr .  
Solution:  Hint, k z j y i xr ˆˆˆ ++=

r and 222 zyxr ++=  

5r
x A

r
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x

2
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∂
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+
∂

φ∂
+

∂
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=φ∇ 5

2

5 r
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r
A

r
zyx A

r
A

zyx
,  hence proved. 

 Note 1: Energy stored in capacitor or condenser can be obtained in following ways.  

 Work done to charge the capacitor by amount dq=  dq
C
q

 dq VdW ==  

Thus,   2
q

0

V C 
2
1

C
q

2
1

 dq
C
q

 W === ∫
2

  as, V Cq =  

 Energy stored per unit volume=
volume

V C
 

2
1

volume
W

 
2

==U  

 For parallel plate capacitor, 
d
A

C
ε

= , d EV =  and volume=A d 

 Hence,   
Ad

Ed
 

d
A

2
1

 
2)(ε

=U  ⇒  2E
2
1

 ε=U  

Note 2: Torque acting on electric dipole in an electric field: When an electric dipole is placed in an electric 
field, the charges +q and –q experience forces along and opposite to applied field. As a result torque acts 
on dipole which tries to rotate to make the energy minimum. The expression of torque and its energy in 
external electric field are given by following expressions. 
  Ep

rrr
×=τ  and  Epu

rr ⋅−=  
Note 3: When an electric field dipole is placed in field other electric dipole there is interaction between 
them. If electric dipole having dipole moment 1pr  placed in electric field ( 2E

r
) of dipole having moment 2pr  

then interaction energy between them can be obtained as. 
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